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Introduction

Numerical investigation of time series, regardless to its origin (real or artifi-
cial), depends on basic knowledge of general statistical characteristics. More-
over, one must use sophisticated techniques, to infer more about responsible
phenomenon. The subject of this thesis is the analysis of artificially con-
structed time series (TS). The considered TS are the autocorrelated ones
revealing long-range dependence. Such datasets are generated with Fourier
filtering methods with regular and modified filtering functions. The analysed
aspects are connected with statistical and self-similar properties of stochastic
process and leads eventually to relation between these properties.

Chap. 1 presents a brief theoretical background of the main ideas con-
nected with randomness and its evolution in time. The stability of transition
probability is discussed. Also the fractal features of TS are defined and de-
scribed in this chapter.

Chap. 2 contains a review of the methods of analysis. An analytical basis
as well as a main properties of chosen algorithms are presented. These tech-
niques generate TS with long-range correlations and introduce self-similar
character. The idea of calculating stability parameter α of stable Lévy dis-
tributions based on the evaluation of the probability of return to the origin
is described. The detrended fluctuation algorithm, a very perceptive tool for
calculating Hurst exponent is reviewed. Eventually, all methods are stated in
the form of calculation steps, ready to implement as the computer program.

In Chap. 3 a general description of programs used in this thesis im-
plementation is contained. The interesting steps in programs are elaborated,
especially, the DFA algorithm where some untypical optimization for discrete
sequential data.

Chap. 4 contains results of performed analysis. It discusses the qual-
ity of used methods, such as regular and modified Fourier filtering method,
detrended fluctuation analysis and the probability of return to the origin
leading to α retrieving method. Afterwards, it contains the relations be-
tween autocorrelation exponent values (the input and calculated ones), the
stability parameter α and the Hurst exponent H. Finally, the dependence
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between α and H is obtained and phenomenological relation between them
is proposed. This forms the connection between statistical and self-similar
aspects of artificially generated TS with long-range dependence.

Chap. 5 summarizes the obtained results about connection between frac-
tality and long-range dependence in TS. It states general conclusions about
H(γ), α(γ), H(α) dependencies. The possible directions in future research
are also pointed out.
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Chapter 1

Stochastic processes and
fractality – general overview

This chapter consist of definitions and describes main issues of thesis. Below
a brief review of random time series, stochastic processes and their self-similar
properties is presented.

1.1 Brief review of stochastic processes

Many processes in our surroundings reveal random nature. This enforce
physicists to abandon determinism as fundamental description of reality.
From nonlinear dynamical systems down to behaviour of elementary par-
ticles one finds nondeterministic evolution in time. Such random acts were
first investigated by Swiss mathematician Jacob Bernouli in order to model
games of chance. It founded theory of probability developed in years into
plenty of branches. One of which is theory of stochastic processes, events ran-
domly evolving with time. The theory of stochastic processes, in particular,
began in early twentieth-century with explanation of the ,,peculiar character
in the motions of the particles of pollen in water” observed by Scottish biolo-
gist Robert Brown. Apprehension of these movements required introduction
of some new ideas.

1.1.1 Random variables

Definition 1.1.1 Random variable X is mapping X: Ω → R that assigns
real value to each elementary event ω ∈ Ω.

The concrete value X(ω) is called a realization. To determine which elemen-
tary event happen often and which are rare, one must find a way of measuring
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CHAPTER 1. STOCHASTIC PROCESSES AND FRACTALITY 2

its probability. But to fully understand definition of probability, a probability
space must be introduced.

Definition 1.1.2 Probability space is a measure space such that the measure
of whole space is equal to 1. It is represented by triple (Ω,S, P ) where:

Ω is set called sample space

S is family of subsets of Ω (these subsets are called events)

P is measure on (Ω,S) such that P (Ω) = 1 called probability measure

Now chance of particular realisation of random variable in given probability
space can be quantified.

Definition 1.1.3 Probability P is mapping P : S → [0, 1] such that:

1. P (∅) = 0

2. P (Ω) = 1

3. if A1, A2, . . . is sequence of non-overlaping events
{Ai, Aj ⊂ S:Ai ∩ Aj = ∅ ∀i 6= j} then

P (
∞⋃
i=1

Ai) =
∞∑
i=1

P (Ai) (1.1)

Another important characteristic of random events is independence. When
one considers two, or more, random events there is a possibility that reali-
sation of one can affect the others. Such events are called dependent and it
is crucial to determine it. Thanks to probability one can define when two
random events are independent or uncorrelated

Definition 1.1.4 Two events A and B are independent iff:

P (A ∩B) = P (A)P (B) (1.2)

The definition of independence is derived from the fact that conditional prob-
ability P (A|B) = P (A) when A and B are independent. Then, as long
P (B) 6= 0, P (A ∩B) = P (A)P (B).
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1.1.2 Numerical characteristics

Random variables can be obviously divided to discrete and continuous case.
It is natural, that real events occur in one of both. For example rolling a dice
is represented by discrete variable and probability can be assigned to each
value, since codomain is countable set. When values set of random variable
is continuous a probability density function f(x) is assigned to it, and prob-
ability is obtained as integral P (A) =

∫
A
f(x)dx. So further characteristics

of random variables must be considered in two cases.

Definition 1.1.5 Expected value E(X) of random variable X is

E(X) =
∞∑
i=1

xipi (1.3)

when X is discrete random variable, or

E(X) =

∫ ∞
−∞

xf(x)dx (1.4)

when X is continuous random variable.

The expected value is a function that turns probabilities P (X) into a sure
property called mean of X. The mean is the one number that best charac-
terizes possible value of random variable.

Definition 1.1.6 Variance D2(X) of random variable X is

D2(X) = E((X − E(X))2) (1.5)

The variance quantifies mean square deviation of random variable from its
expected value. Due to the linearity of mean variance can be reduced to
D2(X) = E(X2)− E2(X).

Lemma 1.1.1 Main properties of expected value and variance:
Let X, Y are random variables and a, b ∈ R

• E(aX + bY ) = aE(X) + bE(Y )

• D2(aX) = a2D2(X)

• D2(X + Y ) = D2(X) +D2(Y ) + 2(E(XY )− E(X)E(Y ))

Definition 1.1.7 Covariance of two random variables X and Y is function

cov(X, Y ) = E(XY )− E(X)E(Y ) (1.6)
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The covariance disappears for independent events since E(XY ) = E(X)E(Y ).
Thus, for independent random variables the variance is linear D2(X + Y ) =
D2(X) +D2(Y ).

Definition 1.1.8 (Pearson) Correlation of two random variables X and Y
is function

cor(X, Y ) =
cov(X, Y )√
D2(X)D2(Y )

(1.7)

1.1.3 Moments

One can define the n-th moment of random variable transferring concept of
moment from physics.

Definition 1.1.9 The n-th moment M ′
n of random variable X is

M ′
n(X) = E(Xn) (1.8)

The n-th central moment Mn of random variable X is

Mn(X) = E((X − E(X))n) (1.9)

The central moments are often used to uncover probability distribution char-
acter. For example:

M1(X) = 0 since it is central moment, but M ′
1 = E(X).

M2(X) = D2(X) variance.

M3(X) skewness – measure of the lopsidedness of the distribution; any symmet-
ric distribution will have a third central moment (if defined) vanishing.

M4(X) kurtosis – measure of whether the distribution is tall and skinny or short
and squat, compared to the normal distribution of the same variance.

There is equivalent method of calculating moments, consistent with previous
one. It involves characteristic function or random variable which is equivalent
of probability distribution in frequency space.

Definition 1.1.10 Characteristic function of random variable X is Fourier
transform of probability function. For a scalar random variable it is mapping
ϕX : R→ C, such that

ϕX(t) = E(e−itX) (1.10)

Lemma 1.1.2 Properties of characteristic function:
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• The characteristic function of a random variable always exists, because
it is an integral of a bounded function over a space whose measure is
finite.

• It is non-vanishing in a region around zero: ϕX(0) = 1.

• It is bounded: |ϕ(t)| ≤ 1.

• There is a bijection between distribution functions and characteristic
functions.

• When X, Y are independent random variables, then

ϕX+Y (t) = ϕX(t)ϕY (t) (1.11)

• The n-th (central) moment can be found as

Mn = i−n ϕ
(n)
X (0) = i−n

[
dn

dtn
ϕX(t)

]
t=0

. (1.12)

1.1.4 Stochastic processes

Random variables are useful concept to model the random outcome of single
experiment or a series of same experiments. But the goal is to study random
effects changing with time and to do this one must introduce time as new
parameter to the mathematical machinery.

Definition 1.1.11 The stochastic process is a family of random variables
(Xt)t∈I where ∀t ∈ I Xt : Ω → E. I is called domain or indexing space,
t ∈ I represents time and E is state space.

In fact stochastic process, as defined above, is function of two variables Xt(ω).
For fixed t this is regular random variable and for fixed ω a function of time
is obtained. The latter case is called realisation or path of stochastic process.

A fundamental idea of modeling experiments with random outcome is
to start with independent random variables and to find suitable probability
functions for these independent random variables, so they would reflect the
reality. Independence, in a case of stochastic processes, is meant as indepen-
dence of increments.

∆Xi = Xi+1 −Xi in discrete case
or

dXt = X(t+ dt)−X(t) in continous case
(1.13)
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Definition 1.1.12 Let 0 ≤ t0 < t1 < t2 < . . . < Tm, ti ∈ I i = 1, 2, . . . ,m
Stochastic process with independent increments is stochastic process, such
that all random variables:

Xt1 −Xt0 , Xt2 −Xt1 , Xtm −Xtm−1 (1.14)

are independent random variables.

As mentioned in preface of this section, first meaningful accomplishment
of stochastic processes theory was describing movement of pollen particles
in water. A brief history of that starts with observation done in 1827 by
Robert Brown, tentatively developed by Bachelier in 1900. Afterwards, in
1905, Einstein described it as effect of random collisions between pollen and
water particles. Independently, in 1906 Marian Smoluchowski also published
a justifying explanation of this phenomenon. Eventually in 1923 Norbert
Wiener created firm mathematical basis for Brownian motion in so called
Wiener process.

Definition 1.1.13 A stochastic process (Wt)t≥0 is called Wiener process if:

1. P (W0 = 0) = 1,

2. Wt has independent increments,

3. ∀t, s: 0 ≤ s < t, Wt −Ws has a probability distribution

fs,t(x) =
1

(t− s)
√

2π
exp

(
− x2

2(t− s)2

)
, (1.15)

4. all realisations of Wt(ω) are continuous in time.

The Wiener process proved itself useful in modeling more than just pollen
particles in water, or other types of diffusion. Astonishingly, due to univer-
sality of normal distribution (central limit theorem), it describes evolution in
vast group of real processes. It forms the basis for the rigorous path integral
formulation of quantum mechanics as well as for the study of eternal inflation
in physical cosmology [1]. It is also prominent in the mathematical theory of
finance [1, 2], in particular the Black–Scholes option pricing model [3].

1.1.5 Stationarity of random processes

Considering the stochastic process one might imagine situation in which prob-
ability distribution density (PDF(Xt) – probability density function) in a
given time t does not depend on t. Such processes are called stationary
and are often found in nature. Nevertheless mathematical formulation of
stationarity can be divided into strong and weak case.
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Definition 1.1.14 (Strongly Stationary Process) Let Xt be a stochas-
tic process with given multi-dimensional probability distributions P (Xt1 , Xt2 , . . . , Xtn).
If ∀t1, t2, . . . , tn

P (Xt1 , Xt2 , . . . , Xtn) = P (Xt1+τ , Xt2+τ , . . . , Xtn+τ ) (1.16)

then Xt is called strongly stationary process.

The fact that probability distribution is time independent implies the same
feature for all quantities derived from it. Example of such quantities are
moments. The strong stationarity of process determine time invariance of
all moments of the process. Thus, stationarity itself might be regarded as
measurable quantity.

Definition 1.1.15 (Weakly Stationary Process) If all moments up to
n-th of stochastic process Xt are time invariant

Mi(t) = Mi(t+ τ) ∀i = 1, 2, . . . , n, τ ∈ I (1.17)

the process is called stationary up to the order n.

For the processes encountered in nature, which are too complicated to de-
scribe its probability distributions, it is still possible to examine week stability
condition. A study of week stability is usable. For example, for 2nd order
stability processes with independent increments the correlation function de-
pends only one one argument – the time difference between data records (so
called time lag τ).

Markovian processes

Another noteworthy property of stochastic processes is lack of memory. When
future state of stochastic process depends only on it current value, then such
process is called Markovian or without memory.

Definition 1.1.16 A stochastic process Xt is a Markov process if
∀ t1 < t2 < . . . < tn and ∀ A1, A2, . . . , An ⊂ E

P (Xtn ∈ An|Xt1 ∈ A1, . . . , Xtn−1 ∈ Atn−1) = P (Xtn ∈ An|Xtn−1 ∈ An−1)
(1.18)

Moreover, if indexing set of the considered process is discrete (I ⊂ Z), it is
called Markovian sequence or chain.
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Autocorrelations

Theory of Markovian processes has grown with many successes, unfortu-
nately, the nature is more complicated. Introduction of randomness to sim-
ple, classical systems, which evolution depends only on current configuration
and velocities, is obviously Markovian process, but on the other hand, a
complex system where interactions between elements are complicated or un-
known, may not be Markovian at all. Non-Markovian case is encountered
in reality. One of the methods to test, if examined realisation is path of
Markovian process is study its autocorrelation.

Definition 1.1.17 Autocorrelation or (briefly) correlation function C on a
given time lag l is function

C(l) = cor(Xt, Xt−l) =
E(XtXt−l)− E(Xt)E(Xt−l)

D2(Xt)D2(Xt−l)
(1.19)

When parameters are tuned correctly (variance equal one) and process is
stationary (at least up to 2nd order), then correlation function reduces to

C(l) = E(XtXt−l) (1.20)

One can presume some characteristics of investigated system, such as length
of memory or presence of periodicity analysing correlation function. This
approach is used widely in statistics, optics, signal processing, econometrics
and many other branches of quantitative analysis.

1.2 Long- and short-range dependence

One way of characterising long-range and short-range dependent processes
is based on their autocorrelation functions. In short-range dependent pro-
cesses, the coupling between values at different times decreases rapidly as
the time difference increases. Either the autocorrelation drops to zero after
a certain time-lag, or it eventually has an exponential decay. In long-range
processes there is much stronger coupling. The decay of the autocorrelation
function is power-like and so is slower than exponential one. A second way
of characterising long- and short-range dependence is in terms of the prop-
erties of sums of consecutive values and, in particular, how the properties
change as the number of terms in the summation increases. In long-range
dependent processes the variance and range of the run-sums are larger and
increase more rapidly, compared to properties of the marginal distribution,
than for short-range dependence or independent processes. The easiest way
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of examining this behaviour, proposed by Harold Hurst [4], uses the rescaled
range analysis (R/S). The main result of this method is a parameter named
after its inventor the Hurst parameter (H).

Definition 1.2.1 The Hurst parameter H is a measure of the extent of long-
range dependence in a time series. H takes on values from 0 to 1. The
value 0.5 indicates absence of long-range dependence and independence of
increments in the process. The closer H is to 1, the greater a degree of
persistence or long-range dependence between increments. The value below
0.5 indicates existence of negative correlations (anti-persistance).

In statistical mechanics, the correlation function is a measure of the order
in a system and describes how microscopic variables at different positions are
correlated. It is well known that spatial correlations in a system are described
by relation [5]

C(r) =
e−

r
ξ

rd−2−η . (1.21)

The numerator of this expression is interpreted as short-range correlation,
due to the exponential decrease. The denominator rd−2−η, where d is the
topological dimension dimension of the system and η is critical exponent, de-
scribes power-law decrease interpreted as long-range correlations. Moreover,
as the temperature closes to critical point T → Tc, the characteristic range
ξ ∝ |T − Tc|−ν . So in critical point, correlations reveal as pure power-law
dependence. Values of both exponents (ξ and ν) is independent of time,
furthermore they are the same for variety of physical systems.

1.3 Stable stochastic processes

The solution of the stochastic process is meant as a complete information
about probability distribution for every element from indexing set I. But at
any given tn ∈ I one might consider conditional probability of process Xt

P (Xtn∈An|Xt1∈A1, . . . , Xtn−1∈An−1) =
P (Xt1∈A1, . . . , Xtn−1∈An−1, Xtn∈An)

P (Xt1∈A1, . . . , Xtn−1∈An−1)
.

(1.22)
Complete set of such probabilities is called family of conditional distributions.
Adding to it information about behaviour at the origin t = 0, which is often
assumed almost surely zero, one information about probability distribution
in every time point. Frequently, it is easier to work with this representation,
especially if considered process is of Markovian type. Then, from Def. 1.1.14,
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only surviving condition is the one closest to tn and

P (Xtn∈An|Xt1∈A1, . . . , Xtn−1∈An−1) =P (Xtn∈An|Xtn−1∈An−1) (1.23)

is called transition probability. Moreover, if Xt is the Markovian chain with
independent increments, one can represent it as sum of independent variables.

Lemma 1.3.1 Let X be a random variable and Xi is copies of X ∀i. Then

Xt =
t∑
i=0

Xi (1.24)

is stochastic process, which:

• is Markovian,

• has independent increment,

• is stationary.

Class of such processes is called the random walks, because it can be inter-
preted as sum of random (and uncorrelated) steps. One can consider family
of correlated random variables and, by summation, obtain non-Markovian,
autocorrelated time series.

Stability of transition probability

A study of random walks is well developed subdivision in theory of random
processes. One of primary questions is the stability of probability distribu-
tion.

Definition 1.3.1 Let X be a random variable with probability distribution
P (X). If any linear combination of Xi underlays the same probability distri-
bution, the distribution is called stable.

Aleksanr Khinchin and Paul Lévy found in 1936-37 the most general class of
stable distributions.

Lemma 1.3.2 (Lévy’s stable distributions) Probability distribution L(x)
of random variable X described by characteristic function L̂βα(q) ≡ ϕX(q) =
E(eiqX)

L̂βα(q) =

 iµq − ζ|q|α
[
1− iβ q

|q| tan(π
2
α)
]

if α 6= 1

iµq − ζ|q|
[
1− iβ q

|q|
π
2

ln |q|
]

if α = 1
(1.25)

where α ∈ (0, 2], γ ∈ R+ – scaling factor, β ∈ [−1, 1] – asymmetry parameter,
µ = E(X) is the most general form of stable distribution.
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Applying Lévy’s stable distribution to random walk variable one obtains pro-
cess which has the same kind of distribution in any time. Thus, the parame-
ters of distribution may vary with time. In general, for stable distributions,
all relative and conditional probability distributions have the same shape of
probability function.

1.4 Self-similarity in stochastic sense

A self-similar object in mathematics is defined as exactly or approximately
similar to a part of itself. Various real objects reveal self-similarity. Such
objects, named fractals by main developer of their theory Benoit Mandel-
brot, show a number of interesting features, such as scale-invariance, infinite
complexity, hesitating topological dimension value and others.

Definition 1.4.1 Let there be a sequence of contractive mappings ψi:E → E
with contractions constants ri < 1. Then a unique non-empty set A ⊂ E such
that

A =
⋃
i

ψi(A) (1.26)

is called self-similar.

To describe fractals quantitatively one must find meaningful properties of
these objects. The first choice, due to fractured shapes revealed by fractal
objects, is roughness. In years, few methods were introduced, but the most
general is idea of Hausdorff dimension.

1.4.1 Hausdorff dimension

A German mathematician, Felix Hausdorff presented in 1918 a new concept
of dimension. He believed, that this construction will describe dimension
of highly irregular sets, such as fractals, for which topological dimension
gives strange results. The goal was the characterisation of dimension by
non-negative real number.

Definition 1.4.2 Let M be a metric space. If A ⊂ M and d ∈ [0,∞), then
the d-dimensional Hausdorff open measure is defined as

Cd(A) = inf

{∑
i

rdi : there is a cover of A by balls with radii ri > 0

}
.

(1.27)
The Hausdorff dimension is defined as

dimH(A) = inf
{
d:Cd(A) = 0

}
(1.28)
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Value of Hausdorff dimension equals to the infimum of the set of d for which
Hausdorff measure disappear. The heuristic interpretation is that, if bound-
ary is rougher, then more balls with radii ri will fit inside surrounded set
and respective Hausdorff measure will be grater. Mandelbrot claimed in Ref.
[6] that Hausdorff dimension of coastlines (and other real objects) can be
estimated, however presented technique does not regard rigorous definition
of Hausdorff Dimension.

1.4.2 Scale invariance and fractal dimension

Scale invariance is a special form of self-similarity, where contractive map-
pings are just dilatations. One can consider scaling properties of the curve
f(x) under the rescaling λ of variable x. The requirement for f(x) to be
completely scale invariant is

f(λx) = λHf(x) (1.29)

for all λ ∈ R and some value of H. Good example of scale invariant curve
(so being fractal) is logarithmic spiral θ(r) = a ln(br) which is surprisingly
often found in nature. In general a fractal is equal to itself typically for
only a discrete set of values λi, and even then a translation or rotation must
be applied to match up outgoing state. Thus, for example the Koch curve
scales with H = 1, but only for λ = 1

3n
n ∈ N. Some fractals may have

multiple scaling factors at play at once. Such scaling is studied within so
called multi-fractal analysis, which is beyond aim of this thesis.

With the use of scale invariance one can define fractal dimension of
stochastic process realisation [7].

Definition 1.4.3 A stochastic process Xt is called self-similar with self-
similarity parameter H, if for any positive dilatation factor λ, the rescaled
process λ−HXλt is equal in probability distribution to the original process Xt.

Lemma 1.4.1 The self-similarity parameter H is connected to Hausdorff
dimension by equation

dimH = 2−H (1.30)

Purposely letter H was used as self-similarity parameter. It was used earlier
as measure of long-range dependence – the Hurst parameter. The Def. 1.2.1
contains qualitative and heuristic description of Hurst parameter. Quanti-
tative definition proposed by Hurst can be expressed by scaling of structure
function.
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Definition 1.4.4 (Hurst exponent) Let Xt be a stochastic process, such
that

D2(τ) = E((Xt+τ −Xt)
2) ∝ τ 2H (1.31)

then H is called Hurst parameter of Xt

Let us assume that the process Xt is stationary and self-similar, with self-
similarity parameter Hf(fractal) (Def 1.4.3). From one side, the structure func-
tion (according to Def. 1.4.4)

D2(τ) = E((Xt+τ −Xt)
2) ∝ τ 2H ,

on the other hand, for stationary and self-similar processes with independent
increments

E((Xt+τ −Xt)
2) = E((Xτ −X0)

2) = E((λ−HfXλτ )
2) = λ−2Hf (λτ)2H

= λ2H−2Hf τ 2H . (1.32)

Comparing Eq. (1.31) and (1.32) one derives that

τ 2H = λ2H−2Hf τ 2H , ∀λ ∈ R ⇔ H = Hf , (1.33)

so the Hurst exponent H is equivalent with a self-similarity Hf parameter.

1.4.3 Connection between long-range dependence and
power decreasing correlations

In theory of phase transitions, where spatial correlations in the system in
critical point are described by power-law dependence (see Eq. (1.21))

C(r) = r−(d−2−η). (1.34)

One can transfer this formula and consider long-range correlations in power-
law form in stochastic processes.

Definition 1.4.5 Long-range dependence is a property of stochastic pro-
cesses, such that

C(τ) ∝ τ−γ (1.35)

where 0 < γ < 1 is (long-range dependence) correlation exponent.
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To connect introduced correlation exponent γ with Hurst exponent, describ-
ing the memory length, let us reconsider stationary, self-similar process Xt,
with Hurst parameter H. Still the structure function D2(τ) ∝ τ 2H , but on
the other hand (assuming variation normalized to one)

D2(τ) = E((Xt−τ −Xt)
2) = E(X2

t−τ ) + E(X2
t )− 2C(τ). (1.36)

Linking up both relations one gets

C(τ) ∝ 1

2

[
t2H + (t− τ)2H − τ 2H

]
. (1.37)

Assuming discrete time, one can consider correlation between the increments
of a stochastic process

E (∆Xi∆Xi+τ ) = E (∆X1∆Xτ+1) = E ((X1 −X0)(Xτ+1 −Xτ ))

= E(X1Xτ+1) + E(XτX0)− E(Xτ+1X0)− E(XτX1). (1.38)

Applying Eq. (1.36) to the above equation gets the form

E (∆Xi∆Xi+τ ) =
1

2

[
E
(
(Xτ+1 −X0)

2
)
− 2E

(
(Xτ −X0)

2
)

+ E
(
(Xτ−1 −X0)

2
)]
.

(1.39)
Eventually, from the self-similarity assumption one obtains that

C(τ) ∝ 1

2

[
(τ + 1)2H − 2τ 2H + (τ − 1)2H

]
. (1.40)

Now, last thing to study is the asymptotic behaviour, for τ →∞. To perform
the Taylor expansion of autocorrelation function let us consider it in the form

C(τ) =
1

2
τ 2H

((
1 +

1

τ

)2H

− 2 +

(
1− 1

τ

)2H
)

=
1

2
τ 2Hu

(
1

τ

)
Defining new, temporary function u(x) = (1 + x)2H − 2 + (1− x)2H , where
x = 1

τ
and noticing that τ → ∞ imply x → 0, one can consider the Taylor

expansion of u(x → 0). The first surviving term is the quadratic one i.e.
2H(2H − 1)x2.

Inserting obtained form of temporary function u(x) = u( 1
τ
) one gets

C(τ) ≈ 1

2
τ 2H
(

2H(2H − 1)τ−2
)

= H(2H − 1)τ 2H−2. (1.41)

From Def. 1.4.1 a simple, although very important, formula (connecting
correlation exponent with Hurst exponent) is derived.

γ = 2− 2H. (1.42)

The domain D of mapping γ(H) presented in the above relation comes from
Eq. (1.35) and Def. 1.4.5 and equals Dγ(H) =

{
H: 1

2
< H < 1

}
.



Chapter 2

Analytical background for
chosen methods of analysis

The subject of investigation for this thesis is based on numerical examination
of different properties of time series. The following chapter clarifies the algo-
rithms and methods applied to state the conclusions and describe their main
strengths and weaknesses. One needs sophisticated numerical techniques to
investigate connection between statistical and self-similar properties of long-
range autocorrelated data. Below the chosen ones are presented.

2.1 Generation of data with long-range auto-

correlations

The methods of generating correlated noise are often based on numerical
algorithms. Whole set of methods was presented in years of development [8].
Focusing on those based on spectral analysis, it appears that the mostly used
one is Fourier filtering method (FFM) [9]. This method is able to introduce
power-law dependence in sequence of uncorrelated data.

Considering the correlation function in the frequency space one gets

C(τ) = E(XiEi+τ ) =

∫ ∞
−∞

dt x(t)x(t+τ) =

∫∫∫ ∞
−∞
dt dq dq′ eiqtx̃(q) eiq

′(t+τ)x̃(q′).

(2.1)
Now, noticing that

∫∞
−∞ dt e

it(q+q′) = δ(q + q′), where δ is the Dirac distribu-
tion, one gets

C(τ) =

∫ ∞
−∞

dq eiqτ x̃(q)x̃(−q) (2.2)

This implies, that Fourier transform of data with particular function S(q)

15
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defined as S(q) = x̃(q)x̃(−q) gives the desired form of the correlation function
C(τ).

Let us consider sequence {ui}Li=1 of random numbers from Gaussian dis-
tribution, such that E(uiui+τ ) = δτ,0, where δτ,0 is the Kronecker delta. To
introduce the long-range dependence to generated data {ui} one has to merge
its FT of the correlation function with the FT of desired correlation function.
The Fourier transform of long-range dependence symmetric autocorrelation
function C(τ) ∝ |τ |−γ is [10]

F [|τ |−γ] = Γ(1− γ) sin
(γπ

2

)
qγ−1, 0 < γ < 1. (2.3)

So, to get the agreement between Eqs. (2.2) and (2.3) one gets S(q) in the
form

S(q) ∝ qγ−1. (2.4)

The above S(q) form plays the crucial role in the so called Fourier filtering
method.

Definition 2.1.1 (FFM) The Fourier filtering method is technique to gen-
erate sequence ηi with power-law correlations

1. generate sequence of uncorrelated random numbers with Gaussian dis-
tribution

uk ∈ N (0, 1)

2. calculate Fourier coefficients of generated data

ũq =
L∑
k=1

uk exp (−2πiqk/N)

3. apply filter η̃q =
√
S(q)ũq

(
=
√
qγ−1ũq

)
4. calculate ηi as inverse Fourier transform of η̃q

ηk =
1

L

L∑
q=1

η̃k exp (2πikq/N)

Unfortunately this method presents finite cutoff in the range of a power-law
correlations. This disadvantage forces us to generate a very long sequences
to get only small amount of autocorrelated data. Fraction of prepared data is
poor and can be as small as 0.1% of the initial series. This limits application
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of FFM to the study of small systems. Reason of this cutoff is connected
with fact that for small distances the correlation function C(τ) = τ−γ has
singularity. Keeping in mind that when taking Fourier transform asymptotic
relations at the origin turn into statements about asymptotic behaviour in
infinity, one presume that this is the cause of observed cutoff. This enforces a
search for modifications. An attractive idea is the class of stationary stochas-
tic processes called the Cauchy Class.

Definition 2.1.2 The Cauchy class is the set of stationary Gaussian pro-
cesses BH with correlation function

C(τ) = (1 + |τ |µ)−
µ
ρ (2.5)

where µ ∈ (0, 2] and ρ > 0.

Deeper analysis of Cauchy family shows [11] that it separates fractal dimen-
sion and long-range dependence parameter. Also correlation function does
not behave singularly in the origin (τ ∼ 0). This encourages to modify the
FFM technique. If one takes Cauchy class element with µ = 2, so that
C(τ) = (1 + τ 2)−

γ
2 then S(q) = F [C(τ)] can still be calculated analytically.

Under assumption of proper, periodic boundary condition C(τ) = C(τ +L),
which can be done due to the τ 2 dependence in correlation function, it takes
the form [9]

Sm(q) =
2π

1
2

Γ(β − 1)

(q
2

)β
Kβ(q) (2.6)

where q = 2πm
L
, m = −L

2
, . . . , L

2
, Kβ(q) is the modified Bessel function of

order β = (γ−1)
2

and Γ is the gamma function

Definition 2.1.3 The modified Fourier filtering method (mFFM) undergoes
the same steps as Fourier filtering method with different filtering function,
which now is defined by equation (2.6).

Thanks to analytical behaviour in large τ limit, mFFM presents absence of
correlation cutoff. The power-law dependence is introduced to the whole
system. But one must keep in mind, that because of periodic boundary con-
dition correlations can spread only to L

2
. Nevertheless, it is not the weakness

of method but effect of system finity.

2.2 Probability density function for return to

the origin in stable Lévy processes

The aim of the method described in this chapter is a derivation of stable pro-
cess parameters. Generally stable processes described be Eq. 1.25 have four
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free parameters (µ, α, β, ζ). The µ and β parameters are connected with the
mean and symmetry of probability density function (PDF). The ζ parameter
determines scale or heuristically width of PDF. The most important param-
eter α describes shape of probability distribution for both at the center and
the tails. Typically interesting information is the probability of rare events,
so called tails of PDF. The information about behaviour at the tails can be
found in the 4th standardized moment. Redefining kurtosis as

κ =
M4

M2
2

− 3 (2.7)

one can compare investigated PDF with normal distribution, which kurtosis,
thanks to subtraction of 3, is equal 0. The distributions with kurtosis lower
than 0 are called platykurtotic and have tails ,,thiner” than normal distribu-
tion, on the other hand, the positive value reveal leptokurtocity and fat-tailed
shape. In th lather case rare events are expected to happen more often then
in Normal distribution. The idea of kurtosis is the common tool in practical
and theoretical investigation of stochastic processes. Nevertheless, the center
of PDF also carries meaningful information. The probability of return to the
origin after given time t for the stochastic process Xt (assuming X0 is almost
surely 0) is defined as P (Xt = 0). In the case of stationary processes shape
of probability function does not depend on t, however it depends of probing
frequency of random variable Xt. For instance, one may decide to take into
account increments of Xt at various time intervals. An interesting fact is that
the probability of return to the origin versus the time interval value reveal
power-law dependence. Assuming Lévy distribution is centered (µ = 0) and
symmetric (β = 0) one gets characteristic function in the form

Lα(q) = exp(−ζ|q|α). (2.8)

The property (Lemma 1.1.2 pt.5) of characteristic function determines that
the stochastic process after n steps is described by probability function of
the form

P (Xn) =
1

π

∫ ∞
−∞

exp(−nζ|q|α) exp(iqXn) dq. (2.9)

From the definition of the probability of return P (Xn = 0) to the origin the
above Eq.(2.9) equal to

P (Xn = 0) =
1

π

∫ ∞
0

exp(−nζqα) dq =
1

π

∫ ∞
0

q(nζαqα−1) exp(−nζqα) dq.
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After the variable substitution t = nζqα where dt = nζαqα−1 dq and the
second integration by parts

1

π

∫ ∞
0

(
t

nζ

) 1
α

e−t dq =
1

πα (nζ)
1
α

∫ ∞
0

dt t
1
α
−1e−t

from the definition of Gamma special function one gets the power-law be-
haviour

P (Xn = 0) =
Γ( 1

α
)

πα(ζn)
1
α

. (2.10)

This fact can be interpreted as self-similarity, with scaling factor n−
1
α . It is

so because
P (n−

1
αXt) = n

1
αP (Xt). (2.11)

Thus, if a stochastic process is stationary and obeys previous assumptions
one can derive its α and ζ parameters obviously from Eq. (2.10) exhibiting
power-law behaviour.

2.3 Investigation and generation of self-similar

properties in time series

A self-similarity in a case of stochastic processes gets form of scale invariance.
As shown in previous chapters of this thesis, the scale invariance is property
of stable processes. In other words, if experimental path of unknown process
is suspected to be stable, one expects that the process is self-similar. Self-
similarity measured by Hurst exponent, as presented in Def. 1.4.4 can be
measured in many ways. One of first and the simplest ones is the rescaled
range analysis (R/S) proposed by Hurst himself. The method is described
in Ref [4]. It is based on measuring maximal difference of process values
versus the range taken into account Hence, the R/S is highly unstable, it
was replaced by more sophisticated methods. One of the most popular ways
of assigning Hurst exponent to real process path is, invented by Peng, et
al.[12], the so called detrended fluctuation analysis (DFA). The DFA was
presented in research about DNA [12, 13], and since then it was applied with
successes in many fields of science [14, 15, 16, 17].

2.3.1 Detrended fluctuation analysis

The DFA derives Hurst exponent from given time series. The algorithm is
very perceptive and resistible to local non-stationarities [18]. Thanks to the
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detrendisation it can be applied to data with drift, where other methods
(R/S) are useless.

The DFA procedure consists of three steps. In the first step the data
Xt are divided into non-overlapping boxes of equal length τ . This gives
N = bL

τ
c, where L is length of whole data set, and b·c is the floor (entier)

function. Since τ is not always common divisor of L the remaining part
stays at the end of the data. There are few methods of handling with this
problem. One can simply omit that part, but for short datasets it may imply
significant error. The next method is to add extra box of length τ at the end.
It will overlap on the last bin, but the common part is small in comparison
to τ . The last idea of accumulating omitted chunk is to divide the data into
N boxes twice: firstly from the beginning to the end, and then the other way
round. Thus, one obtain 2N segments to be taken into calculation.

In the second step of the DFA procedure a polynomial function is fitted
to data in each box separately. After fitting is done, the new, detrended time
series X̃t is constructed by subtracting polynomial fit from the initial data
in all boxes.

X̃t = Xt − pi(t) (2.12)

where pi(t) is polynomial fit in the i-th subset. It has been shown that
even linear fit gives surprisingly good results not significantly different than
highter order polynomial fits.

In the third step, the square root of variance of the detrended data is
calculated.

F (τ) =

√
D2(X̃t) =

[
1

N

t=N∑
t=1

X̃2
t

] 1
2

(2.13)

Finally, repeating these three steps for different values of τ , the self-similar
data lead to power-law behaviour of the form

F (τ) ∝ τH (2.14)

where H stands for the Hurst exponent.

2.3.2 Random midpoint displacement

The random midpoint displacement (RMD) is simple algorithm for generat-
ing self-similar data. It is based on pseudo-random numbers generator. In
the result of the RMD technique one obtains series with predetermined Hurst
exponent. The method itself can be presented as sequence of steps.

To generate the self-similar data set Xt of length L = s2 − 1 one must

1. give (or randomly pick) two edge values X1 and XL
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2. set the value in the middle (XL
2
) as pseudo-random number from nor-

mal distribution N (X1+XL
2

, σ)

3. change variance by factor 2−Hn

4. repeat step 2 for every pair in the series for s =
√
L− 1 times

The RMD algorithm is common tool to generate fractal shapes. It can
be used as testing ground for methods calculating quantitative properties of
self-similar data, such as DFA.



Chapter 3

Description of implementation
of used algorithms

The methods of analysis crucial for this thesis were implemented in C/C++
language with the wide use of standard template library (STL) and GNU
scientific library (GSL). The program codes are easier to read if one is familiar
with those libraries . All programs are implemented in functional (non-
objective) style and use only minor part of vast functionalities offered by
STL/GSL programistic tools. For further reading the reference manuals for
those libraries are recommend [19, 20].

3.1 Regular and modified Fourier filtering method

The Fourier filtering method applied to discrete dataset stored in computer
memory is based on forward and inverse fast Fourier transforms (FFT). The
FFT algorithm is very popular and exhibit in many forms. The one imple-
mented is radix-2 case using oldest, yet most efficient, Cooley-Tukey (C-T)
algorithm is presented in Ref. [21, 22].

In the first step the set of pseudo-random numbers with normal distribu-
tion is generated. Length of data must be the power of 2. The numbers are
picked from Mersenne-Twister generator with gsl ran gaussian() function.
This ensures proper distribution and sufficient period of generator. The data
is stored in C++ style double array allocated for the given size.

In the second step the forward Fourier transform is calculated. It is done
with the special version of C-T algorithm for real data. Because function
making Fourier transform works on pointer to inserted array, the data must
be copied before transform.

In the third step the Fourier coefficients are multiplied by filter func-

22
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tions, separately for regular and modified case. The modified FFM contains
Gamma and spherical Bessel special functions which calculation subroutines
are taken from gsl sf * libraries.

In the fourth step the inverse Fourier transform is calculated and data is
presented in columns: pure random, correlated with regular filtering function
and correlated with modified filtering function. But before inverse Fourier
transform is done a crucial numerical detail should be considered. The mod-
ified correlation function in the Fourier space is not defined for q = 0. This
comes from the fact that continuum limit is used to calculate the theoretical
formula. However, the zero frequency only adds an additive constant to the
numbers, and does nor affect the scaling properties of the sequence. This
singularity is avoided by assigning a random number from suitable range.

Program accepts runtime parameters, such as input correlation exponent
γ through -g XXX flag and length through -N XXX flag, where XXX is square
root of desired length.

3.2 Detrended fluctuation analysis

The detrended fluctuation algorithm is implemented without use of GSL
routines. The data is read directly from files prepared by previous programs.
The data sequences are stored in separate STL vectors of double type values
renamed in program as dataArray. The separation into boxes, fitting and
detrendisation is performed in function detrend. The linear fit is done with
the least-square algorithm enhanced for sequential data. In the dfa function
the F (τ) value is calculated and stored in dataArray of final results. The
domain - set of τ for which F (τ) is calculated, is defined by increase factor f ,
such that τi+1 = b(τi + 1)fc. The results are presented in columns where the
first one contains τ values while the next ones contain F (τ) for input data
sequences.

Let us make closer view on programmistic realisation of DFA algorithm
steps. The first step is division of data into separate boxes. A preliminary
separation is not efficient from memory saving point of view and does not
accelerate any further calculations. So, the algorithm performs calculations
,,in fly” running the following steps:

1. set τ value

2. copy first τ values to temporary dataArray

3. perform detrendisation of temporary dataArray

(a) fit the regression line with least-squares algorithms
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(b) subtract linear trend from data

(c) store detrended values

4. copy next τ values to temporary dataArray and repeat detrendisation,
if data has ended skip to next step

5. calculate F (τ) and store it in results array

6. until τ < τmax increase τ by defined factor

Point 3. is performed by function detrend and step (a) linear fit with
least-squares algorithm is implemented in function fit. The fitting function
is optimized for sequential data. It means, that the function accepts only set
of values, and it assumes that arguments are only natural numbers 1, 2, 3, . . ..
It allows also to use formulas for sum of natural numbers sequence (

∑i=n
i=1 i =

n(n + 1)/2) and sum of squares (
∑i=n

i=1 i
2 = n(n + 1)(2n + 1)/6). These

particular sums are needed to calculate the linear fit parameters. Thanks to
the assumption that inserted data is sequential, what is true for purpose of
this thesis, one significantly decrease the time of calculations, especially for
long datasets.

The DFA program accepts command line input parameters: -b minimal
τ size, -e maximal τ size, -f factor to increase τ value.

3.3 Power-law for probability of return to the

origin in stable processes

The stable Lévy’s processes reveal interesting behaviour in probability of
return to the origin described in section 2.3. This allows one to calculate
parameters of probability distribution density. To calculate the interesting
stability parameter α one must find the way to measure the probability of
return in experimental data. Fortunately, this task is rather simple. One
must only test the path of the process and count how many values are close
enough to zero. The vicinity range ε should be relatively small to the variance
of transition probability. One can find the power-law relation in Eq. (2.10).
In order to obtain it one accounts only every i-th element with i = 2, 4, 8, . . ..
The set of available data becomes shorter with the growth of i exponentially,
so the probability of return for bigger i is less accurate. Nevertheless, using
big amount of data the obtained result is quite satisfying.

The program is really simple one. It reads data from the given file and
checks and counts every value which is in the ε-vicinity of zero. After that it
returns probability as proportion of the counted amount to the total length
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of data and doubles the time interval. As a result it returns probability of
return versus time interval.

The command line execution accepts parameters such as: -b minimal
stride, -e maximal stride and -s vicinity size ε.



Chapter 4

Results

The investigation of long-range dependence in artificially created time series
can be performed in many different aspects. This thesis presents two of them:
the statistical point of view, where the transition probability distribution is
examined and the self-similarity point of view, where the memory span is
revealed. To do so, a proper mathematical background and numerical meth-
ods were introduced. The calculations were performed and the obtained data
was processed. The final step of the analysis was representing different views
at the time series properties – statistical one, fractal one and autocorrelation
property.

4.1 Quality of used algorithms

The algorithms introduced in this thesis have to be tested before any con-
clusion can be stated. To do this, the series of tests was performed. The
FFM is checked on accuracy and range of generated autocorrelations. The
DFA shows itself to be useful in retrieving of the Hurst exponent. The Lévy’s
flights present the power-law dependence in the probability of return as func-
tion of time lag. The programs applied in this thesis are tested to reveal true,
experimental quality of this analytical features. The result of this checkout
is presented in this chapter.

4.1.1 Quality of Fourier Filtering Method

The Fourier filtering method is expected to generate data with long-range de-
pendence. Furthermore, the modified one should span generated correlations
to the whole system as mentioned in section 2.1. On the contrary, the regular
case presents finite cutoff in generated correlations. First, we compare the

26
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length of autocorrelations in TS generated in FFM and mFFM algorithms.
In order to do that, one must generate representative set of data and check
the existence of long-range correlations. To do so, the correlation function
must be calculated.

Range of generated autocorrelations

The methods based on Fourier transforms were described in section 2.1. Be-
cause of the singularity of the regular form of the filtering function the range
of correlations is bounded in finite systems. The Fig. 4.2 presents the corre-
lation function calculated on the ensemble of 25 paths. Each path contains
221 data-points. The regular and modified FFM in each ensemble are de-
rived from the same set of the pseudo-random uncorrelated numbers. The
only difference is the form of the filter applied to Fourier coefficients.
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Figure 4.1: The comparison of scaling ranges for regular and modified FFM
simulated for autocorrelation exponents γ = 0.2 (filled boxes) and γ = 0.8
(empty boxes). One can notice that long-range autocorrelation generated
with modified one last longer. The scaling range for FFM is [3 : 103] and for
mFFM is [3 : 105].

One may easy see the difference in scaling ranges between FFM and
mFFM. This imply that long-range correlation with characteristic exponent
γ are much longer in time series generated by modified FFM. It applies
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particularly to bigger values of γ (γ > 0.7). The difference in scaling ranges
is significant. This enforce us to use different scaling range for regular and
modified case. The range for modified algorithm is approximately a 100 times
longer.

Accuracy of autocorrelation exponent estimation

The correlations introduced to the system by both Fourier filtering methods
should exhibit power-law character with given correlation exponent γ. To test
this property one must fit the relation (1.20) to the experimental correlation
function and read the fit parameter. Fig. 4.2 proves the power-law character
of C(τ) dependence. The correlation function is calculated for the ensemble
of 25 datasets.
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Figure 4.2: Comparison of both Fourier transform based algorithms for dif-
ferent values of correlation exponent γ. One can observe the accuracy of per-
formed fits. The quality of fits, measured by standard deviation averaged on
the set of input γ parameters are: 〈σ〉γ = 1.34×10−2 and 〈σ〉γ = 3.66×10−5

for FFM and mFFM respectively.

Fig. 4.2 presents the example fits. One can easily see, that calculated
correlation functions obey the power-law relation. Furthermore, the quality
of fits is satisfying. The standard deviation (calculated for the ensemble of 25
datasets) averaged on the set of input γ parameters are: 〈σ〉γ = 1.34× 10−2
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for FFM and 〈σ〉γ = 3.66× 10−5 for mFFM. This result depends mostly on
the fact, that scaling range for modified method is 100 longer.

To obtain the accuracy for whole system one must input a set of corre-
lation exponents γin and calculate the outgoing character of the long-range
dependence γout ≡ γ. The scaling range was chosen [3 : 103] for the regular
FFM and [3 : 105] for the modified FFM. It was unchanged for all values of
γin. The results of this procedure are gathered in Fig. 4.3.
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Figure 4.3: The accuracy of FFM and mFFM algorithm. The relation be-
tween input correlation exponent γin and the numerically calculated γ. A
calculation was done for γin ∈ {0.1, 0.2, 0.3, . . . , 0.8}. The fitting ranges are
[3 : 103] and [3 : 105] for regular and modified FFM respectively. The length
of data was L = 221 data points.

In Fig. 4.3 one can observe the relation between input and obtained
value of autocorrelation parameter. The relation holds almost perfectly in
the middle of the γ domain (γ ≈ 0.5). Unfortunately, it shows a shift up for
small values of γ (γ < 0.3) and some distortion for higher values of correlation
exponent (γ > 0.7). Moreover, the difference between regular and modified
filtering functions is barely noticeable, though, due to smaller uncertainty,
the mFFM result is more accurate.
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4.1.2 Accuracy of Hurst exponent calculated within
DFA

The search for Hurst parameter of the time series is performed in this thesis
with detrended fluctuation analysis (DFA). But before it can be applied to
data generated by algorithms based on Fourier transform, it must be checked
on data that is certainly self-similar. The random midpoint displacement is
simple technique of generating such datasets. Moreover, the DFA method
is based on log-log fit of relation (2.14). Thus, the scaling range for desired
length of data can be tuned through investigation of the RMD time series.
Fig. 4.4 shows the single log-log fit for variety of H exponents.
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Figure 4.4: The result of DFA performed on RMD data. The estimation
of Hurst exponent from log-log linear fit to power-law (2.14) is presented in
the key of the plot. The values inserted into RMD algorithm were Hin =
0.1, 0.2, 0.3, . . . , 0.9 respectively.

Similarly to the accuracy of FFM presented in previous section, one can
perform test of DFA, by applying the method to data with different input
HRMD parameter. The result of that procedure is shown in the Fig. 4.5.
Noteworthy is the fact that, the DFA method works well for the whole range
of H ∈ (0, 1), when the FFM method generates H only in the range (1

2
, 1) 1.

1see comment on Eq. (1.42)
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Fig. 4.5 shows that DFA is a very good technique of calculating the Hurst
parameter. The accuracy of estimation is almost perfect. One can observe
slight inaccuracy only for small values of H. It comes from a finite size of
the investigated TS [23].
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Figure 4.6: The correlation function for self-similar data generated with RMD
algorithm. One can see absence of spatial correlations. The higher values of
Hurst exponent H > 0.3 behave similarly to H = 0.3 case, revealing constant
zero-value autocorrelations.

The DFA technique proved itself useful in detection of long-range corre-
lations in Ref. [24]. However, the RMD procedure does not introduce any
correlations to the system. This fact is quite obvious, since RMD algorithm
consist of independent steps. Fig. 4.6 shows the correlation functions of
artificially constructed RMD TS for various H values. It proves that TS
generated with RMD algorithm is obviously correlated (C(τ) = 0).

4.1.3 Quality of power-law dependence in probability
of return to the origin for Lévy processes

In section 2.2 one can find explanation that Lévy’s stable processes reveal
power-law behaviour in probability of return to the origin. To check this one
must have a sufficiently large number of steps from Lévy distribution. To
test this power-law relation an ensemble of 25 datasets was used, each consist



CHAPTER 4. RESULTS 33

of 221 data-points. The procedure of calculation probability of return to the
origin does not enforce the computation of the whole histogram, nevertheless,
examples of histograms are presented in Fig. 4.7. One can deduce from them
the size of ε-vicinity needed in the eventual procedure.
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Figure 4.7: The histograms of Lévy flight increments for different values of
stability parameter α. One can see that shape of the PDF depends on α.
Moreover, the size of ε-vicinity can be read from this figure.

The major test extracting stability parameter α from Lévy’s flight is based
on the probability of return to the origin vs time lag l (see Eq. (2.10). The
results can be found in Fig. 4.8. The scaling parameter ζ from Eq (1.25)
was permanently set ζ = 1 in all cases, because it does no interfere with the
slope of power-law (Eq. 2.10).

In Fig. 4.8 one can clearly see the power-law dependence between the
probability of return and the time lag. Using Eq. (2.10) one can calculate
stability parameter α from obtained results. The scaling range for log-log
fit was [3 : 103]. Excellent agreement between assumed α values and ones
calculated numerically are clearly seen.

One could have suspected that Lévy’s flight led to fractal behaviour of
time series, even though, the steps were independent. However, it is visible
on Fig. 4.9 that Hurst exponent calculated for Lévy flights with different
stability parameters α holds the constant value H = 1

2
. This shows absence
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of any correlations in data and lack of memory in the system and lack of
fractality either.

4.2 Lévy stability parameter α and the char-

acter of long-range autocorrelations

The time series generated by Fourier filtering technique contains long-range
correlations. The algorithm filters spectrum of Fourier coefficients for un-
correlated data drawn from normal distribution. One may obviously expect
different PDF of increments type after FFM procedure. To determine char-
acter of this distribution after FFM is done, the probability of return to the
origin is examined. It allows quantitatively check the character of distribu-
tion, assuming it is stable. The stability assumption holds because filtering
operation in frequency does not prefer any particular value of time.

The analysis of distribution character was performed on ensemble of 25
independently generated time series. The Lévy’s stability parameter α cal-
culated according to Section 2.2 for data generated with both algorithms can
be considered in two ways – first, when it is compared with input γin value
and second, when the comparison with the output γout exponent is used.
The latter case makes more sense, because it takes into account imperfect-
ness of the methods according to which the artificial TS is built. The former
scenario gives the character of probability distribution expected from the γ
input value. This makes the both algorithms a tool to generate Lévy flights
with given stability parameter α. The results of that analysis procedure is
presented in Fig. 4.11.

Here one can see the existence of the non-trivial relation between cor-
relation exponent γ and the character of transition probability distribution
represented by the stability parameter α. The Fourier filtering methods work
with data drawn from normal distribution, thus, this result is striking. More-
over, the obtained mapping may be easy fitted by an analytical function and
presents good expectations for interpolation. The difference between reg-
ular and modified FFM is noticeable only for γ ≥ 0.5 where the methods
significantly differ (see Fig. 4.11).

The scaling ranges used for retrieving γ and α parameters are the same
as in Chapter 4.1.2.
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Figure 4.10: The relation between probability of return to the origin and the
time lag for artificial TS generated with Fourier filtering algorithms. The
input autocorrelation exponents were γ = 0.1, 0.2, 0.3, . . . , 0.8.

4.3 Dependence between self-similarity and

autocorrelation in data

The information about self-similarity character is important. It tells us what
the characteristic scale and length of memory in the investigated system is.
Both Fourier transform based methods generate long-range correlated time
series. This, according to Eq. (1.42), should also introduce the Hurst effect
(Def. 1.4.4). Moreover, the interesting question is, how long the theoretical
connection γ(H) in Eq. (1.42) holds. In this thesis the answer can be given
only for the examined methods.

Similarly to the previous section, ensemble contained 25 data sets. Also,
the analysis was performed in two cases, considering input and calculated γ
values. Both relations can be used to check Eq. (1.42). Again, the relation
with calculated γ is more important for the same reason as relation between
α and γ.

The example of DFA log-log fits is shown in Fig. 4.12. The relations
between the Hurst exponent H and correlation parameters (γ and γin) are
presented in Fig. 4.13.
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Figure 4.11: Relation between stable processes parameter α and long-range
autocorrelation exponent γ. One can observe nonlinear relation. Comparison
of regular and modified FFM shows slight difference for large values of γ
(γ ≥ 0.5). This, considering Eq. (1.42), corresponds to small values of H
(H ≤ 0.75)
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Fig. 4.12 shows that result of DFA applied to data generated with Fourier
filtering algorithms obey Eq. (2.14). It also shows dependence between
input γ and calculated Hurst exponent H. The Hurst exponent calculated
on mFFM data is slightly overestimated for higher values of it (H > 0.5) and
regular FFM fits the relation (1.42) almost perfectly.

One expects coexistence of long-range dependence and self-similar char-
acter from theoretical analysis presented in section 1.4.3. Hence, the relation
between the correlation exponent γ and the Hurst parameter should reflect
that relation received in Eq. (1.42). Figures 4.13 (a),(b) present the experi-
mental result performed for regular and modified FFM. It is clearly seen that
the result presented on Fig. 4.13 (a) is more accurate. Thus, the input corre-
lation exponent γin gives more precise image of Eq. (1.42). The comparison of
regular and modified algorithm of data generation derived from Fig. 4.13 (a)
shows that the modified one overestimates the Hurst exponent for γ ≥ 0.5.
In this case the calculated γ is less accurate far from point γ = 0.5 and for
large values of γ the results are clearly shifted up. In the Fig. 4.13 (b) the
difference between regular and modified FFM is just-noticeable.

4.4 Connection between α-parameter of sta-

ble processes and their self-similar struc-

ture

The investigation of autocorrelated time series yield the correspondence with
the stability parameter α and the Hurst exponent H. One can connect the
statistical and fractal properties through these relations. Combining results
of both view points for the given set of input γ parameter one obtains relation
between the Hurst exponent and stability parameter α. The analysis of that
aspects is presented in Fig. 4.14.

The relation between stability parameter and Hurst exponent based on
numerical data in log-log scale (as shown in Fig. 4.14) is linear. A line fitted
to that relation has a slope equal -0.9786 (±0.211). So taking into account
the numerical error, this leads to the form

H =
1

α
. (4.1)

Clearly, results obtained for modified and regular version of Fourier filtering
algorithm obey that relation almost exactly. Only some disobedience occurs
for large values of H > 0.8 what corresponds to γ < 0.4.
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Figure 4.13: Relation between Hurst exponent and autocorrelation param-
eter. The solid line across each chart presents the theoretical formula Eq.
(1.42).
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That result reveals clear connection between statistical and fractal prop-
erties in time series generated in artificial environment, with methods based
on filtering Fourier transformation of the normal distribution.

Moreover, an additional theoretical point can be added to the relation
between α and H. Let us consider normal distribution. In this case the
stability parameter α = 2 and Hurst exponent H can be calculated as H = 1

2
.

This allows us to place the special additional point to the Fig. 4.14 related
to uncorrelated noise (Brownian motion).

The proposal of phenomenological relation (4.1) gives us a chance to re-
consider the relation between the autocorrelation exponent γ and the stability
parameter α. That relation was presented in section 4.2. The behaviour of
that function (Fig. 4.11) was strongly non-linear. Now, with the help of Eq.
(4.1) and (1.42) one can suggest that this relation has the form

γ = 2− 2

α
. (4.2)

When adding this relation (4.2) to Fig. 4.11 one gets the fit of Fig. 4.15.
As expected, experimental data fits extremely well to the function received
from phenomenological analysis on the long-range correlated time series.
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figure contains relation between input correlation parameter γin and the stability
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Figure 4.15: Both figures contain the phenomenological relation (4.11) de-
rived from analysis of α(H) function.



Chapter 5

Conclusions

The subject of this thesis was the investigation of artificially derived time
series with long-range dependence. The content gives an idea of possible
views on that problem. It discusses mainly the properties of statistical and
self-similar nature. The statistical ones are stability of the transition proba-
bility, probability of return to the origin for stable processes and character of
distribution present in analysed data. The considered aspects of self-similar
nature were the scale invariance, length of memory and the connection with
long-range correlations.

To obtain the final results two methods of data generation were used,
though both based on Fourier filtering. The comparison of the accuracy
of retrieving desired γ exponent value shows no significant advantage for
any of them. Nevertheless, the modified version generates larger amount of
long-range autocorrelated data, therefor the uncertainty of γ estimation is
smaller.

The time series generated with the Fourier filtering techniques were ex-
amined in a direction of probability distribution and self-similar character.
The methods used for that purpose were tested first. The statistical aspects
included calculation of stability parameter α and based on the power-law
in probability of return to the origin. The checkout of that method was
performed on the artificially created set of Lévy flights with well-known α
parameter. It delivers a satisfactory outcome presented in Fig. 4.8. The
α retrieving algorithm applied to data obtained from the Fourier filtering
methods leads to specific character of function α(γ) proposed in Eq. (4.11).
The form of this relation, received from phenomenological analysis, seems to
be described by Eq. (4.2).

The self-similar properties, represented by the Hurst exponent H are de-
rived from the detrended fluctuation analysis. The DFA algorithm is tested
on the data generated by random midpoint displacement algorithm. The re-

45
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sults give good quality of calculating H. Thus, the analysis of autocorrelated
data from Fourier filtering methods is achieved. This leads to the experimen-
tal confirmation of Eq. (1.42), although the relation with input correlation
exponent γin is more accurate. The comparison of accuracy is done for the
RMD and FFM is done as elaboration of fractal perspective giving aston-
ishingly good results for regular Fourier filtering method. Noteworthy is the
fact, that the generation methods for data with positive autocorrelations are
able to reflect only a half of the Hurst exponent value span (H ∈ (1

2
, 1)).

Eventually, the conjunction of statistical and fractal view is done. The
analysis of dependence between stability parameter α and Hurst exponent
H leads to Eq. 4.1. The results slightly mismatch the phenomenological
formula, and it comes from the Fourier filtering techniques. The existence of
the functional correspondence α(H) indicates a strong connection between
statistical and fractal properties in artificially created time series.

The inaccuracy of the relations in sections 4.2-4.4 obtained for the low
values of correlation parameter γ ≤ 0.3 which corresponds to the high values
of Hurst exponent H ≥ 0.85 can be explained. It comes from the fact that
filtering functions (2.4),(2.6) for low values of correlation exponent introduce
numerical errors, since the range of the function is vast and the decrease is
very dynamic. This produce errors of finite mantissa and can be probably re-
duced by increasing floating-point memory or by increasing the length of TS,
because all techniques applied in this thesis are suspected to work excellent
only for infinite TS.

Existence of long-range autocorrelations imply fractality, although fractl-
ity can exist without long-range correlations (RMD). Stationary Lévy pro-
cess with independent increments do not lead to fractality nor to long-range
dependence. However, presence of long-rage autocorrelations lead to Lévy
distribution shape of transition probability distribution.

The future research can concern the analysis for methods able to generate
anti-correlated TS. Also, a perceptiveness could be increased by investigation
of longer TS.
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